. However, a complete characterization, which generalizes the Hille-Yosida theorem, is known only in Hilbert space. These results were obtained independently by Dorroh [IO] for the case of semigroups defined on the whole space and by Crandall and Pazy [7] in the more general case of semigroups defined on a closed convex subset of a Hilbert space. In a Hilbert space H there exists a one-to-one correspondence between
semigroups of nonlinear contractions on closed convex subsets of H and maximal monotone subsets of H x H (see [6] , [7] ). Hence, any monotone set A which has a unique maximal monotone extension on D(A) is uniquely associated with a semigroup S on D(A). A new class of monotone sets having this property is exihibited at the beginning of Section 2. In several concrete examples the generator A is not maximal monotone but belongs to this class. Next we characterize in terms of their generators, semigroups which leave a closed convex subset of H invariant.
Another branch of the linear theory deals with the relations between the convergence of a sequence of generators and the convergence of the corresponding semigroups. These results, for the linear case, were obtained mainly by Trotter 1311 and [32] . We start Section 3 with some results which extend the convergence results of Trotter to semigroups of nonlinear contractions in Hilbert space. Some results of similar nature for semigroups of nonlinear contractions on Banach spaces were obtained recently by Miyadera [21] , [22] and Miyadera and oharu [23] .
Using these convergence theorems, we obtain an extension of a result of Chernoff [Sj. This result is then used to obtain general representation formulas of semigroups, in terms of their generators, which extend (in the case of a Hilbert space) all the results mentioned above. Another application of these results is a "product formula" analogous to Trotter's [32] .
Section 4 is devoted to perturbations of generators of semigroups which leave a closed convex subset of a Hilbert space invariant. The results of this section extend some of the known perturbation theorems for maximal monotone sets.
In Section 5 we introduce and study the properties of multivalued semigroups of (nonlinear) contractions. Our first motivation was to simplify the proof of a remarkable result of Komura [17] , namely that a maximal semigroup of contractions in a Hilbert space has a closed convex domain. The main result of this section is a selection theorem (Theorem 5.1). In the present paper we apply the selection theorem only to give a simpler proof of Komura's theorem. However, we believe that multivalued semigroups have some natural applications in the theory of evolution equations.
For clarity of exposition we restricted ourselves in the present paper to semigroups of nonlinear contractions in Hilbert space. Many of our results however, can be extended to monotone operators mapping a Banach space X into its dual X* or to accretive operators from X to x.
PRELIMINARIES
Let C be a closed convex subset of a Hilbert space H and let Cont (C) be the set of all mappings T such that T maps C into C and /~x--yI~l~-yl for every X, y E C.
We start with a simple lemma. Proof. (a) Let x E C and let G(y) = l/( 1 + X)x + h/( 1 + h) Ty. Clearly G is a strict contraction and G maps C into C. Therefore, G has a unique fixed pointy E C. Thus (I + A(1 -T))-l is defined on C and maps C into C. It is easy to see that (I + X(1 -T))-l is indeed a contraction.
(b) For X > p the left side of ( 1.1) is defined and clearly which implies the equality. A subset A of H x H is called monotone if (x1 -x2 , yi -ya) > 0 for every [xi , yi] E A i = 1,2. A monotone set which is not properly contained in any other monotone set is called maximal monotone. Let A be a monotone set in H x H. We define IA = (I+ Ml-l = {Lx + AY, 4; b, Y] E 4 4 = {Lx + AY, rl; Lx, Yl E 4 and collect some elementary results concerning monotone sets in the following two lemmas which we present without proof (for a proof see e.g. [7] ). The following theorem was first proved in [8] . We give here a simpler proof. Since A' is a principal section this implies that [ E D(A) and (x --6)/X E At, i.e., 5 = (I + M-lx.
In addition, it follows from (1.5) that limsup,,, l/Xl x0, I2 < l/q& u) + l/q% 4 -u) + (-d'u, u -t) for every u E D(A). Taking u = .$ yields and, therefore, x,,, -+ 5. Since the limit is uniquely determined we have x, -+ [ as p + 0. Proof. Since A is maximal monotone and B, is monotone Lipschitz everywhere defined, A + B, is maximal monotone and the equation (1.8) has a solution xt . If (1.9) has a solution X, then subtracting (1.9) f rom (1.8) and multiplying by zt -x yields ( Xt -x I2 + h(a* -a, Xt -x) + X(B$, -b, Xt -x) = 0, which implies (Blx, -b, xt -X) < 0. Since B,x, E BJ,% and xt = JtBxt + tB,x, we have (Blxl -b, B,x,) < 0, i.e., 1 Bp, 1 < 1 b / and the condition of the lemma is indeed necessary.
Next we assume that ) B,xl / < K as t -+ 0. We have lxt -x, I* = X(a, -a, + Btxt -BP, , x, -xt) < Wtx, -4~s , x, -xt).
Let xf = Jt%vl + tB,x, and x, = J,Bx, + sB,x, , then 10) and, therefore, U&x, -BP, , tB,x, -sB,x,) < 0, which implies since 1 B,x, I ,< K, that B,x, --t b as t --+ 0 (see [A Lemma 2.4). From (1.10) it then follows that xt + x and from (1.8) a, -+ a as t -+ 0. Passing to the limit as t --+ 0 in (1.8), we obtain x + Xa + Ab = y and since a, E Ax, it follows that a E Ax. Since B,x, E BJ,Bxl and JIBxl -+ x, b E Bx and x is the solution of (1.9).
RESTRICTION OF SEMIGROUPS TO CONVEX SETS
It is known (KGmura [16] , see also [7] ) that if A is monotone and satisfies R(I + hA) = H for every X > 0, i.e., A is maximal monotone [19] , then -A generates a semigroup of contractions s(t) on D(A). Our next theorem deals with a monotone set A which is not necessarily maximal monotone but nevertheless -A generates a semigroup of contractions on D(A). for every u E II}, is a maximal monotone set (see, e.g. [27] ). If C is a nonvoid closed convex subset of H and Ic is the indicator function of C (i.e. I,(x) = 0 for x E C and I,(x) = + co for x $ C) then I,(x) is a proper, convex and lower semicontinuous function. Therefore, al, is a maximal monotone set in H x H. It is easy to verify that the domain of 81, is C and that y E 81o(x) if, and only if, (y, x -U) 2 0 for every u E C. Remark. After the first draft of this paper was completed, Professor T. Kato brought to our attention the following recent result of J. Watanabe [33] .
Let A be a maximal monotone set and let C be a closed convex subset of D(A). If CC D(A) (C is the boundary of C) and --AOxc Uizz X(x -X) for every x E C then s(t) C C C for every t >, 0. It is easy to verify that Watanabe's assumptions imply the condition (c) in Corollary 2. 
APPROXIMATION OF SEMIGROUPS
We start with the following simple result.
THEOREM 3.1. Let A be a maximal monotone set. Let S(t) be the semigroup generated by -A and S?(t) the semigroup generated by -A, then for every x E D(A), S,(t)x tends to S(t)x uniformly in t on every bounded interval. For x E D(A) we have
Proof. Since S(t) and SA(t) are contractions it is sufficient to prove (3.1). Let x E D(A) then Proof. By Theorem 2.1, AD (resp. A) has a maximal monotone extension BP (resp. A) such that II = II( (resp. D(d) = D(A)) -a~ and --AD (resp. -A and -A) generate the same semigroup. It is, therefore, sufficient to prove the theorem for AD, A maximal monotone. Henceforth, we assume that Al, and A are maximal monotone.
Since Jnox -+ Lx for every h > 0 and every x E D(A), also A-l(x -Jfx) = A A% -+ A,x for every h > 0 and x E D(A). For a fixed h > 0 this limit is uniform on compact subsets of D(A) since both A, and Anp are lipschitz with constant h-l independent of p.
Let 0 < t < R, x E D(A) and 0 < h < R then / s(t) x -9(t) x I < I S(t) x -S,(t) x I + I s,(t) x -SAW x I + ) s,qt> x -P(t) x j, (3.2) where Sn~(t) is the semigroup generated by -A,,P. We estimate each one of the terms on the right side separately. For x E D(A) we have bY (3-l) also, 1 S(t) x -S,(t) x / < / AOx / dE< / A% j dii?;
where From (3.4) it follows by Gronwall inequality that
For the third term of (3.2) we have
Combining (3.2), (3.3), (3.5), and (3.6) we obtain
Given E > 0, we first choose X < R such that the first term is less than ~12. Having fixed h this way we choose p such that the second term is less than e/2. This is possible since for every fixed h, M,o(x) -+ 0 as p -+ 0. Thus for x E D(A), So(t)x + S(t)x uniformly in t E [0, R]. Since 9 and S are contractions we conclude that S"(t)y -+ S(t)y for every y E D(A) uniformly in t E [0, Ii].
A slightly modified version of Theorem 3.2, in which no maximal monotone set A is given a priori, turns out to be useful in some applications. Moreover, if S(t) is the semigroup generated by -A and So(t) is the semigroup generated by --AD then So(t)x --+ S(t)x for every x E D(A) uniformly in t on every bounded interval.
Proof. For every fixed p > 0, the family of contractions Jno satisfies the conditions (a) and (b) of Theorem 2.3 on D(Ao). Therefore, their limit ]A , maps C into C (by iii) and satisfies these conditions on C. Theorem 2.3 then implies that there exists a unique maximal monotone set A such that D(A) = uAbO JAG' and ],+Y = (I + hA)-k~ for every X > 0 and x E C. The proof is concluded using Theorem 3.2. COROLLARY 3.3. Let S(t) be a semigroup of contractions on a closed convex subset C of H. Let Ahx = k-l(x -S(k)x) then -Ah generates a semigroup of contractions Sh(t) on C and Sh(t)x -+ S(t)x for every x E C unzjormly in t on every bounded interval.
Proof. Clearly D(Ah) = C and it is easy to show that Ah is monotone and Lipschitz (with constant h-l). From lemma 1 .l it then follows that (I + hAh)-l E Cant(C) which clearly implies R(I + XAh) 1 C = conv(D(Ah)). Therefore, -Ah generates a semigroup of contractions on C by Theorem 2.1. Finally, for every x E D(A) (-A being the generator of S(t) we have Ahx ---t AOx as h -+ 0 and, therefore, Sh(t)x + S(t)x for every x E C by Corollary 3.2.
Remark. Corollary 3.3 is a generalization of Theorem 5.4 in [7] . An extension of the following lemma to a general Banach space was recently proved by Miyadera and oharu [23] . For x E C we clearly have pnx = Tnx, Ax = Ax and, therefore, S(t)x = S(t)x and (3.8) follows.
It is easy to check that if -A generates a semigroup S(t) then for every p > 0, --pA generates the semigroup S(pt). Therefore, it follows from Lemma 3.2 that if T E Cant(C) and S(t) is the semigroup generated by -A(t) = t-l( T -I) then Substituting t/n for t in (3.12) and letting n -+ 00, t < R, (3.11) follows for every x E D(A) n C. Since S(t) and F(t) are contractions the result follows for every x E D(A) n C = D(A) n C.
In the case the maximal monotone set A is not a priori given we have the following theorem. Consequently, for every x E D(A), Km,,, F(t/n)nx = S( t)x and the limit is uniform in t on every bounded interval.
Proof. JAp = (I + hjp(l -F(p)))-l are contractions defined on C into C and satisfy the conditions (a) and (b) of Theorem 2.3. Therefore, their iimit J,+ maps C into C and satisfies the condition (a) and (b) of Theorem 2.3. Consequently, there exists a unique maximal monotone set A such that D(A) = ulzo JAG' C C and Jhx = (I + XA)-lx for every x E C and h > 0. The result now follows from Theorem 3.4. The estimate (3.13) follows from (3.12) which holds in our case for every x E D(A). Indeed, given any E > 0, we first choose X such that 2h / Aox 1 < c/2 and then to so small that for t < to the sum of all the other terms is less than c/2. Hence, (3.13) follows for every x E D(A) and since F(t) and S(t) are contractions the result follows for every x E D(A). where A' is a principal section of A, then 1imF '2 no = S(t)x n+m t 1 n for every x E D(A) and t > 0, and the limit is uniform in t on every bounded interval.
Remark. If F(t) E Cant(H) and (1 + h&(1 -F(t)))-% converges as t --t 0 for all x E H then, as in corollary 3.1 (I + h/t(I -F(t)))-lx converges as t + 0 for every x E H and

Proof. Let AD = p-l(I -F(p)), D(Ap) = D(A), A0 is Lipschitz and by Lemma 1 .l JAp = (I + x/,0(1 -F(p)))-l E Cont(D(A))
for every h > 0. From Lemma 1.4 it follows that Lox --t Lx for every x E D(A) and we conclude the proof using Theorem 3.4.
Remark. A linear version of Theorem 3.6 for general Banach spaces was proved by P.R. Chernoff [5] . COROLLARY 3.4. Let A be a maximal monotone set in H x H and let S(t) be the semigroup generated by -A then S(t)x = ;E (I+;A)-nx forevery XEDT), (3.14) and the limit is uniform in t on every bounded interval.
Proof. Choose F(t) = (I + tA)-l = J1 in Theorem 3.6, then (x -J&t = A TV -+ Aox as t -+ 0 for every x E D(A) and (3.14) follows from Theorem 3.6.
Results similar to Corollary 3.4 were obtained by many authors, see, e.g. [lS], [23] , [26] , [29] , [34] . All these works (some of which are valid in Banach space under further assumptions) assume D(A) = H and most assume that R(I -A") = H. As it turns out neither of these assumptions is necessary in Hilbert space.
We conclude this section with some results related to Trotter's product formula [3 11 . Taking v = z we obtain limsupt+,, l/h I z1 12 < l/h 1 z 12 and, hence, zt -+ x as t -+ 0. Finally, the equality yt = zf + tpt, /?, E Bz, shows that yt -+ (I + A(A + B))-lx = z as t + 0.
Remark. A result similar to Theorem 3.7, in which A and B are single valued tn-accretive operators on a Banach space X with a uniformly convex adjoint, was independently proved by J. Mermin [18] . [2] , [4] , [7] , [13] , [28] . In this section we obtain some perturbation results for generators of semigroups which leave a closed convex subset C of H invariant. The results of this section can be used to prove existence theorems for nonlinear partial differential equations.
We start with a lemma. Choosing v = x (the solution of y E x + X(A + B)x) and o = (y -x)/X we obtain x = x'. Hence, x1, -x and since xt, E C also x E C. Proof. Without loss of generality we may assume that a and i? are maximal monotone sets. It follows from Lemma 4.1 that the equation, xt + Au, + ax, = y, at E Ax,, (4.5) has a solution xt E C. Since y E x + hk + APx has a solution and at E Ax, we deduce from Lemma 1. D(A) ) is the interior of D(A)) then Jf+" E Cont( C) for every h > 0.
Proof. Let A (resp. B) be a maximal monotone extension of A (resp. B). Since int(D(A)) n D(B) # 4, A + B is maximal monotone by a result of Rockafellar [28] . This implies by Theorem 4.2 that If+" E Cant(C) for every X > 0.
We conclude this section with the proof of Theorem 3.8.
Proof of Theorem 3.8. Clearly F(t) = S,(t) S,(t) E Cant(C). We shall prove that Indeed,
The first term on the right side clearly tends to Au as t -+ 0. It is therefore sufficient to prove that
and by the monotonicity of 1-s,(t) at v and S,(t)u we have 
Choosing a sequence tn + 0 such that yl, -y and passing to the limit through this sequence yields (Av-AAu+Bv-y,w-u)>O for every v E D(A).
Since A is maximal monotone this implies y = Bu. Therefore, also yr -+ Bu and by the uniqueness of the limit y1 -+ Bu as t --t 0. F&ally, let xf = (I + h/t(l -F(t)))-lx with x E C. By the monotonicity of I -F(t) at at and u we have
It follows easily that zt is bounded and choosing a sequence t, -+ 0 such that x1, -x we obtain z E C and Taking u = z shows that limsupl,, l/h 1 a1 I2 < I/h 1 .z I2 and, therefore, z1 -+ z as t --f 0.
MULTIVALUED SEMIGROUPS OF CONTRACTIONS
Let H be a Hilbert space and C a closed convex subset of H. and Ti E Y(ti) i = I, 2 there exists T E 9'(tz -tl) such that T2 = TIT, then 9'(t) is singlevalued.
Proof. Suppose Y(t) is not singlevalued, then there exists a t > 0 and x0 E C such that T E Y(t),
T' E Y(t) and TX, f T'x, . Let / TX, -T'x, / = OL > 0. Choose 0 < 6 < 2t such that 1 Rx -x / < a;4 for every R E Y(s) with 0 < s < 6. Let T" E Y(t -S/2) th en by our assumption there exist R E Y(6/2) and R' E Y(6/2) such that T = T"R and T' = T"R', therefore, o<ol= j TX,-T'XO/ <jRx,-R'x,/ <IRx,-xx,/ + jR'x,-xx,/ <;, and we have a contradiction. Multivalued semigroups have the following type of continuity from the right. PROPOSITION 5.2. Let x E C. For every E > 0 there exists a 6 > 0 such that if 0 < t < t' < t + 6 and T E Y(t) then there is some T' E 9'(t') such that / T'x -TX 1 < E. (Note that the same T E 9(t) appears in all k components.) PROPOSITION 5.3 . Let x E C and yA,l E YA,f(x). For every E > 0 there exists 6 = B(e,yAJ > 0 such that for every t' satisfying t < t' < t + 6 thereissomey,,,' E Y,,,(x)forwhich ( yA,r -yl,f' 1 < E.
Proof. Since yh,l E Y,,,(x) there exists a T E Y(t) such that t h Yn.t -t + h --x+-t+h Tm,t .
Let T' E y(t'), T' will be specified latter and let The following selection theorem is the main result of this section.
THEOREM 5.1. Let 9'(t) be a strongly r-convex multivalued semigroup, then there exists a singlevalued semigroup S(t) such that S(t)x E 9(t)x for every t > 0 and x E C.
We do not know if the following stronger version of the selection theorem is true.
Problem. Let Y'(t) be as in Theorem 5.1. Does there exist a singlevalued semigroup s(t) satisfying: For every t > 0 there exists a T E Y(t) such that S(t)x = TX for all x E C ?
We will prove Theorem 5.1 following a finite sequence of lemmas.
LEMMA 5. (5-l)
Proof. We follow the proof of Lemma 2 in Kato [14] . Without loss of generality we can take x = 0. This amounts to a shift of the origin of H. Since X is fixed we will write y1 instead of yA,t . Let In particular, for every h > 0 and x E C, the sets YA,l(x) are unzjormly bounded for all t E (0,6].
Proof. We follow the proof of Lemma 3 in Kato [14] . Again without loss of generality we take x = 0 and denote yA,t by yl. Our next lemma is a general result on convergence of "Cauchy sequences" of convex sets (the concept of convergence of convex sets is well known see, e.g., Mosco [24] ). (ii) For every E > 0 there exists N such that zf n > m > N, then for every yn E K, there is some ynl' E K,, satisfying j yn -ym' 1 < E. Let Thus, 1 E K (as a limit of u, E K,) and I = Projcwj U. In addition v E K if, and only if, there exists a sequence v, E K, such that v, + v as n --t + CO which implies that K is convex. Proof. With every T E Cant(C) we associate T E Cont(Ck) as follows: for every With the semigroup 9(t) we associate S(t) defined by T E S(t) if and only if T E 9'(t). It is easy to check that S(t) is a multivalued r-convex semigroup on C k. The result then follows from Lemma 5.4 applied to the semigroup S(t).
Let 9(t) be a multivalued semigroup on C and let w = {2-"; n 2 l} u (O}, L' = ((t, T); t E w, T E 9'(t)}.
We consider 8 as a topological subspace of R x Cant(C) with the usual topology on R and the trivial topology on Cant(C). Hence, a filter F on Q converges to (0, Z) (denoted by 9 -+ 0) if and only if, for every E > 0 there exists FE 9 such that (t, T) E F implies t < E. Let z' = (I + h/t(Z -T))-lx, then z' + hjt(Z -T) z' = x. By subtraction and multiplication through x -z' (using the monotonicity of h/t(Z -T)) we obtain 1 z -z' \ < (h/p -l)\ y -z 1 and, therefore,ly--'I <[y---z\ + /z--'I <h/~ly--zl. The mapping y I-+ yJ(p/h)x + (1 -y/X)y) is a strict contraction from C into C and therefore Eq. (5.5) has a unique solution y E C for every given x E C and h > CL, Applying Lemma 5.6 yields as F --f 0 and, therefore, Our next lemma is the crucial step in the proof of the selection theorem. Let Y(t) be a multivalued strongly r-convex semigroup on C, then there exists a jlter @ -+ 0 on Sz such that lim, (I + h/t(l -T))-l x exists for every x E C and every X > 0. We denote the limit by y,+(x).
Proof. We follow the method of Lemma 14 in Komura [17] . Let h, be a strictly decreasing sequence of real numbers such that h, -+ 0. We define inductively a sequence of filters Qn + 0 on 52, ultrafilters %n -+ 0 on Sz and functions y,Jx) on C with the following properties:
(i) @,A1 < *n , 71 2 2(i.e., en. refines @+J (ii) yJx) = w -lim n (I + A,/t(I -T))-lx, n > 1. wheJji) @12 is generated by the sets t&(x, 01, E), x E C, OL > 0, E > 0
The sets #J%(x, a, E), x E C, a > 0, E > 0 generate a filter since any finite intersection of such sets is not void by (ii) and Lemma 5.5. We start with any ultrafilter @!r to (ii) and define @, by (iii).
-+ 0 on Q. We construct yA,(x) according Th en we choose any ultrafilter 42s on Sz such that @r < 222 etc. From the construction it follows that 1iII p + $ (I -q-l X = y&) for every n E N and every x E C. (5.7)
We claim that Qn < Gn+r . It is sufficient to show that for every F E @, of the form, for every n EN and every x E C, and therefore by Lemma 5.7 lim, (I + Ajt(1 -T))-ix exists for every x E C and X > 0. In order to complete the proof of Theorem 5.1 we need the following slightly modified version of Theorem 3.5. LEMMA 5.9. Let C C H be closed and convex and let @ be a $lter on R, x Cant(C) such that @ -+ 0 and lim, (I + h/t(I -T))-ix exists for every x E C, h > 0, the limit being denoted by Lx. Then there exists a maximal monotone set A with D(A) = Uhlo J,,C = C such that Jhx = (I + hA)-1 x f or every x E C and X > 0. Moreover if S(t) is the semigroup generated by -A then, for every x E C, E > 0 and R > 0 there exists F E @ such that (t, T) E F and nt < R imply ~Lc3(nt)x-T"xI <E.
(5.9)
Proof. The only difference between Lemma 5.9 and Theorem 3.5 is that in the case of Lemma 5.9 we have replaced the mapping t t+ F(t) by a filter @ on R, x Cant(C) and that we have D(A) = C which is a direct consequence of Lemma 5.2.
Proof of Theorem 5.1. We will show that the semigroup S(t) given by Lemma 5.9 is the desired singlevalued semigroup. Since Y(t)x is closed by definition, it is sufficient to show that for every XEC,r 3 0 and E > 0, there exists T,. E Y(r) such that / S(r) x -T,x / < E.
Let 6, be chosen such that for every t, , t, < r, / t, -t, j < 6, implies j S(t,) .t' -S(t,) x j < 5 .
Let 6, be chosen such that 1 x -TX ( < e/3 for all T E Y(t) with 0 < t < 6, and let 6 = min (6, , 8,) . It follows from Lemma 5. Remark. The strong r-convexity of Y(t) in Theorem 5.1 may be superfluous. For example if C is compact (or more generally if the intersections of C with bounded sets are relatively compact), Lemma5.8 becomes trivial and the rest of the proof is unchanged. Consequently, if H is a finite dimensional space, Theorem 5.1 holds true for every multivalued semi-group Y(t) without assuming that Y(t) is strongly r-convex.
We apply now Theorem 5.1 to prove the following remarkable result of Komura [17] . THEOREM 5.2. Let T, be a singlevalued semigroup of contractions on a subset D of H, then there exists a singlevalued semigroup of contractions S(t) on C = conv D such that S(t)x = T,x for every x E D and t > 0.
In order to prove Theorem 5.2 we need one more lemma. Condition (i) in the Definition 5.1 follows from a result of Kirszbraun [15] . Condition (ii) is obviously satisfied. In order to prove (iii) we consider the set A of points x E C for which (iii) holds. Clearly D C d and A is closed. It is, therefore, sufficient to prove that d is convex. Let xi , x2 E d and x = (xi + x,)/2. For every E > 0 there exists 6 > 0 such that ( Tx4 -xi ( < E for all 0 < t < 6, TE S@(t), i = 1, 2. But 1 Tz -Txi ) < / z -xi j, i = 1, 2, and therefore / TX -xi j < 1 z -xi 1 + E < g ] xi -x2 1 + E. In addition / Tz -x1 I2 + j Tz -x2 I2 = 2 1 Tz -z I2 + 4 I x1 -x2 j2. Hence / TX -x I2 < E 1 x1 -xs 1 + l 2 which implies that z E A. Next we prove strong r-convexity. 
